Abstract. As a generalization of the classical theory of Jacobi forms we discuss Jacobi forms on /xC8 , which are related with integral Cayley numbers. Using the Selberg trace formula we give a simple explicit formula for the dimension of the space of Jacobi forms. The orthogonal complement of the space of cusp forms is shown to be spanned by certain types of Eisenstein series.
Introduction
The classical theory of Jacobi forms on H x C was described by Eichler and Zagier [4] in 1985. There also exist more general types of Jacobi forms on H x C" considered by Gritsenko [8] or for the Siegel half-space considered by Ziegler [14] . These Jacobi forms naturally appear in the Fourier-Jacobi expansion of Siegel modular forms (cf. [12] ).
Jacobi forms over the Cayley numbers are defined on H x C8. They were introduced in [5 and 6] , where they appeared as Fourier-Jacobi coefficients of modular forms on the half-plane of the Cayley numbers of degree 2. They are of special interest, since they are related with modular forms on the exceptional domain (cf. [1, 9] ). On the other hand, the arithmetic of integral Cayley numbers (cf. [2] ) leads to special results, which cannot be obtained in the general case.
In this paper we show that the space of Jacobi forms over the Cayley numbers has finite dimension. We can demonstrate that the orthogonal complement of the space of cusp forms is spanned by certain Eisenstein series. Moreover the Selberg trace formula can be applied in order to determine the dimension of the space of Jacobi cusp forms explicitly. This leads to a very simple dimension formula involving a weighted summatory function of Euler's totient function (p(n). Surprisingly the result is simpler than in the classical situation (cf. [4] ) or for Jacobi forms of index 1 on H x C" (cf. [13] ).
Notations
Let f be a field. The set £P = ^ of the Cayley numbers over f is an eight dimensional vector space over f with the standard basis eo, e\, e2, e^, e4, e$, e¿, e-i satisfying the following rules for multiplication: Cf. [3, Chapter 9] , for further details.
Let o c 8q be the Z-module of integral Cayley numbers investigated by Coxeter [2] . A basis of 0 is given by ao, ... , a-j where an = en, ai=ei, Q2=e2, a3=e4, a4 = 5(^1 + e2 + <?3 -e4), a5 = \{-eQ -ei-e4 + e5), a6 = \{-eo + ex -e2 + e6), a7 = j(-en + e2 + e4 + e7).
We can identify Wc with C8 via the standard basis eo, ... , ej. Let H stand for the upper half-plane in C, H = {z eC\z = x + iy, y > 0}. / is a Jacobi cusp form, if it moreover satisfies (j.4) af(n, t) = 0, whenever nm = N(t). We denote by Ji^mi") (resp. 7° m{o)) the space of Jacobi forms (resp. Jacobi cusp forms) over the Cayley numbers of weight k and index m . Examples of functions in Jk,m(") are given by the Fourier-Jacobi coefficients of modular forms on the half-plane of the Cayley numbers of degree 2 (cf. [6] ).
Given a congruence subgroup V of T = SL2(Z) let Mk{Y') (resp. Sk{T')) denote the space of entire modular forms (resp. cusp forms) of weight k with respect to P (cf. [11] ). Using (j.3) and (j.l) we get (2) Jk¡z{*)*Mk{T), 4tQ{*)*Sk{Y).
Therefore we will always assume m > 1. It follows from [6] that (3) Jkty{*)*Mk_4{T), Jlx{*)*Sk-4{r) for even k>0.
THETA SERIES
Given m > 1 and q e e> we define the theta series
where A(q) := {i + q/m\t £ ¿>} . Then ûm<o £ ^4,1 was shown in [6] . Due to (1) an easy calculation yields
ûm,q(z + l,w) = e2«iN«>»mûm,q(z,w).
Given w e %c we define 7 w -(t^o, ... , w-j)' € C8, whenever w -^ WjUj. j=o The 8x8 matrix S = (<r(a,, a,-)) is positive definite, even and unimodular (cf. [6] ). In the notation of [10, p. 101], we therefore have ûm,q(z,w) = &g,mSw/m(z, mS;Zs).
Using [10, IV.2.3], we obtain
Here J = (° q1 ). If one sets g = mS{h + p/m), h e Z8, p : ojmo, the result is ( (6) and (7). The last statement isa consequence of (8) . D In particular one has (11) y/{T) = diag(e-2niN^m,...,e-2niN{<l^m), T = (lQ lA;
according to (6) and (7). Let f e Jk,m(?) with the Fourier expansion (j.3). Given q e o we set
Proposition 2. Given f&Jk,m{0) one has a unique representation
Proof. Using (j.2) we have
for all X e o . Comparing the coefficients we get (15) ctf(n + a{t, X) + mN(X), t + mk) = a/(«, t) for all n, f, ¿. Hence we have Fq+mx = Fq in (13) . Thus the right-hand side of (14) is well defined. Setting t = mX + q, X e # , q: o/mo, a rearrangement of the Fourier expansion of / yields (14) . o Just as in (9) for k>2, where Mz = ^ § . Then it is well known (cf. [7, 11] ) that (C) Cusp contributions. Representatives of the conjugacy classes of the parabolic elements are given by ±TJ, j £ Z, j' ± 0. Note that y/(P) = i//(TJ'), y(-TJ) = ¥(-P'), if j = f (modm).
According to [7, Chapter II] , the integral over all the conjugacy classes ±TJ', j' = j (modm), j -I, ... , m , is evaluated to be -(il^trace^iTV).
Due to (11) 
